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Raman process is used for generation of nonclassical states and subsequent applications due to
its simplicity. In view of the experimental feasibility of the off-resonant Raman process at single
photon level useful in long distance quantum communication and quantum memory, we perform here
a detailed study of possibility of generation of nonclassical states under off-resonance conditions.
Specifically, we have studied nonclassicality in the off-resonant Raman process with the help of a
characteristic function written using more general solution than the conventional short-time solution
under complete quantum treatment and established the significance of frequency detuning parame-
ter in generation of nonclassical states. The obtained characteristic function remains Gaussian and
reveals that larger values of frequency detuning parameters are favorable to induce nonclassicality
in some cases. The single- and two-mode squeezing and antibunching as well as intermodal entan-
glement are reported in terms of experimentally accessible quantum noise fluctuations considering
either phonon mode coherent or chaotic. Subsequently, the joint photon number and integrated
intensity distributions are studied to analyze the performance of pair generation in Stokes-phonon
and pump-phonon modes. The present study discusses the role of resonance conditions in generation
of nonclassical states and establishes that experimentally controllable detuning parameter can be
used to probe and enhance the generated nonclassicality.
I. INTRODUCTION
The role of nonclassical states is inevitably at the core
of the recent growth in quantum information processing
and technology. Moreover, the future development of
the field depends upon our theoretical understanding of
nonclassical phenomena and experimental availability of
the physical systems and processes able to generate such
states. Specifically, the quantum states with negative
Glauber-Sudarshan P function [1, 2] are known as non-
classical states due to unavailability of a classical coun-
terpart for such states. These nonclassical states can be
generated from nonlinear optical couplers [3, 4], Bose-
Einstein condensates [5, 6], optical [7, 8] and optome-
chanical [9, 10] cavity systems as well as nonlinear optical
processes, such as parametric down-conversion [11, 12],
four-wave mixing [13], Raman and hyper-Raman scatter-
ing [14, 15] (see [16] for review). A few examples of non-
classical states useful in quantum information processing
are single photon source (which is an antibunched state)
[17], squeezed [18], entangled [19], steerable [20], and Bell
nonlocal [21] states particularly used for quantum cryp-
tography and quantum random number generation [22].
Entangled states have applications in quantum metrol-
ogy [23], teleportation [24], and densecoding [25], too.
Squeezed states are also used in quantum metrology [23],
teleportation [26], and detection of gravitational wave
[27, 28].
∗Email:tkishore36@yahoo.com
These applications of different nonclassical features
have motivated in a set of theoretical ([29–36] and refer-
ences therein, Section 10.4 of [16]) and experimental [37–
41] studies of nonclassicality in Raman scattering. Specif-
ically, quantum theory of Raman effects was developed
with frequency detuning [42]; squeezing [30], antibunch-
ing [31], amplitude powered squeezing [32], sub-shot
noise [33], lower-order entanglement [35], and higher-
order entanglement [36] in spontaneous and stimulated
Raman processes are reported; study on quantum statis-
tics with squeezed light and pump depletion has also been
performed [14]. Experimental generation of Fock and
squeezed states [37], a single photon source [38], quantum
state transfer between matter and light [39], nonclassical
phonon states in diamond [40], and Stokes-anti-Stokes
correlation in scattering from water [41] are reported us-
ing Raman processes. Further, long distance quantum
communication using off-resonant Raman process is pro-
posed [43], which motivated a set of experiments for the
generation of photon pairs [44], photon-phonon corre-
lated pairs [45], and quantum memory [46, 47]. More
recently, Raman processes are also studied using the the-
oretical models of Cooper pair [48] and optomechanical
[49] systems.
A complete quantum mechanical treatment of the Ra-
man process is complicated and is thus often simplified
by assuming strong classical pump leading to a set of
linear coupled Heisenberg’s equation of motion [16, 50].
Additionally, time evolution of each mode valid only in
the short-time domain is reported under fully quantum
treatment [16]. In both these cases, frequency match-
ing conditions are assumed. In contrast, energy (fre-
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2quency) mismatch is also introduced in [42]. A perturba-
tive technique to obtain time evolution of operators in a
more general form than that of short-time solution is also
used recently for Raman process ([35, 36] and references
therein). The solution obtained using this technique is
more general, as the short-time solution reported in [16]
can be obtained by neglecting terms beyond quadratic,
and intrinsically comes in the form of frequency detun-
ings in Stokes and anti-Stokes generation. The frequency
detuning is experimentally a relevant condition as the
Stokes and anti-Stokes generations are expected to be
high for the resonant Raman conditions, but which are
often hard to achieve in an experiment. In some exper-
iments [43–47], large detuning has its own advantages.
The present solution may be useful in highlighting such
benefits in the generation of nonclassicality in the off-
resonant Raman processes. However, in the past, no such
attempt has been made. Therefore, here we set a twofold
motivation. Firstly, whether the characteristic function
obtained using a more general solution than short-time
solution [15, 35] remains Gaussian or not. In the past, it
has been observed that a more general Raman process–
hyper-Raman process ([15] and references therein)–has
non-Gaussian characteristic function also for the short-
time solution [51]. Secondly, to probe nonclassicality in
the cases when short-time solution failed to detect it us-
ing a more general solution [15].
The rest of the paper is organized as follows. Section
II is devoted to a brief discussion of the Hamiltonian
describing the Raman process and corresponding char-
acteristic function. Subsequently the obtained charac-
teristic function assuming all modes initially coherent is
used to study a set of nonclassical features in Section III.
In the next section, characteristic function is obtained
considering phonon mode chaotic, and a brief discussion
of nonclassical features follows. Thereafter, joint photon-
phonon number and integrated intensity distributions are
obtained in Section V, which are further used to obtain
difference and conditional number distributions in Sec-
tion VI before concluding in Section VII.
II. RAMAN PROCESS AND THE
CHARACTERISTIC FUNCTION
The Hamiltonian for the stimulated and spontaneous
Raman processes in a complete quantum mechanical de-
scription is [16]
H =
∑
j=L,S,A,V
~ωja†jaj −
(
gaLa
†
Sa
†
V + χ
∗aLaV a
†
A + H.c.
)
,
(1)
where H.c. stands for the Hermitian conjugate. The sub-
scripts L, S, V, and A correspond to the laser (pump),
Stokes, vibration (phonon), and anti-Stokes modes, re-
spectively. The annihilation (creation) operator aj (a
†
j)
corresponds to the jth mode with frequency ωj . Also,
g and χ are Stokes and anti-Stokes coupling constants,
respectively. The Sen-Mandal perturbative solution
of Hamiltonian (1) is reported in ([15] and references
therein), which is
aL(t) = f1aL(0) + f2aS(0)aV (0) + f3a
†
V (0)aA(0)
+ f4a
†
L(0)aS(0)aA(0) + f5aL(0)aS(0)a
†
S(0)
+ f6aL(0)a
†
V (0)aV (0) + f7aL(0)a
†
V (0)aV (0)
+ f8aL(0)a
†
A(0)aA(0),
aS(t) = g1aS(0) + g2aL(0)a
†
V (0) + g3a
2
L(0)a
†
A(0)
+ g4a
†2
V (0)aA(0) + g5aS(0)aV (0)a
†
V (0)
+ g6aS(0)aL(0)a
†
L(0),
aV (t) = h1aV (0) + h2aL(0)a
†
S(0) + h3a
†
L(0)aA(0)
+ h4a
†
S(0)a
†
V (0)aA(0) + h5aV (0)aL(0)a
†
L(0)
+ h6aV (0)aS(0)a
†
S(0) + h7aV (0)a
†
A(0)aA(0)
+ h8aV (0)a
†
L(0)aL(0),
aA(t) = l1aA(0) + l2aL(0)aV (0) + l3a
2
L(0)a
†
S(0)
+ l4aS(0)a
2
V (0) + l5a
†
V (0)aV (0)aA(0)
+ l6aL(0)a
†
L(0)aA(0).
(2)
The functional forms of the coefficients in the Sen-
Mandal perturbative solution fi, gi, hi, and li is reported
in Appendix A for the sake of completeness. Here, we use
the Sen-Mandal solution (2) to write the normal-ordered
characteristic function CN ≡ CN (βL, βS , βV , βA) to de-
scribe the Raman process [16] as
CN =
〈
exp
{ ∑
j=L,S,A,V
[
−Bj (t) |βj |2
+
(
1
2C
∗
j (t)β
2
j + c.c.
)
+ βjξ
∗
j (t)− β∗j ξj (t)
]
+
∑
j<k
(
Djk (t)β
∗
j β
∗
k +Djk (t)βjβ
∗
k + c.c.
)}〉
,
(3)
where c.c. stands for the complex conjugate. We assume
the set {L, S,A, V } ordered, and the terms Bj , Cj , Djk,
and Djk correspond to quantum noise fluctuations [16].
In the present case, the obtained quantum noise fluctu-
ation terms, considering all four modes coherent, are as
follows
BL (t) = |f3|2 |ξA|2 ,
BS (t) = |g2|2 |ξL|2 ,
BV (t) = |h2|2 |ξL|2 + |h3|2 |ξA|2 ,
CL (t) = (f2f3 + f1f4) ξSξA,
CV (t) = (h2h3 + h1h4) ξ
∗
SξA,
DLS (t) = (f1g6 + f2g2) ξLξS ,
DLV (t) = f1h3ξA + (f1h5 + f1h8 + f2h2) ξLξV ,
DLA (t) = f1l6ξLξA,
DSV (t) = g1h2ξL + g1h6ξSξV + (g1h4 + g2h3) ξ
∗
V ξA,
DSA (t) = g1l3ξ
2
L,
DV A (t) = h1l5ξV ξA,
DLS (t) = f
∗
3 g2ξLξ
∗
A.
(4)
The rest of the terms in Eq. (3) are zero. The solution
(2) used to write the characteristic function is already
mentioned to be more general than the short-time solu-
tion, and one can verify that the quantum noise terms
3can be reduced to the corresponding short-time counter-
parts in the limiting case [16, 34]. For example, BL (t)
reported in Eq. (4) can be written as |χ|2 t2 |ξA|2 up
to quadratic terms in t, which is same as reported in
[16, 34] written in the interaction picture. It is note-
worthy that the perturbative solution (in Eq. (2) and
Appendix A) inherently contains ∆ω1 = (ωS +ωV −ωL)
and ∆ω2 = (ωL + ωV − ωA), which can be defined as
frequency detuning in Stokes and anti-Stokes generation
processes, respectively. Thus, in what follows, without
loss of generality, we will consider phase matching con-
ditions to focus only on the effect of frequency detuning
on nonclassical properties.
Even if the Sen-Mandal finite-time solution up to the
second order in the interaction constants leads directly
to Gaussian statistics for Raman scattering, we can fol-
low this matter also from the point of view of its rela-
tion to the short-time approximation. In the finite-time
approximation, we substitute time t by t[exp(i∆ωt)−1]∆ωt =
t[cos(∆ωt)−1+i sin(∆ωt)]
∆ωt ≈ itsinc(∆ωt), as the real part of
this expression is small and negligible with increasing fre-
quency detuning. Hence, the short time t can be in-
creased up to unity over the coupling constant appropri-
ate for the finite-time solution because it is cut by the
sinc function. Thus, the finite-time solution describes
frequency transient effects and for frequency tuning the
finite-time solution reduces to the short-time solution. In
general, terms in (2) involving f4 and h4 occurring ad-
ditionally to the short-time terms [16] are negligible. In
what follows, we will discuss the nonclassicality in pho-
ton and phonon modes considering all the modes initially
coherent.
III. NONCLASSICALITY CONSIDERING
PHONON MODE COHERENT
We can use the obtained characteristic function (3) to
observe the nonclassicality in all the photon and phonon
modes in Raman process. Here, we use a set of non-
classicality criteria to discuss the possibility of observing
corresponding feature in the process of our interest.
A. Intermodal entanglement
The condition for entanglement can be written as an
inequality involving the terms of the characteristic func-
tion defined in Eq. (4) as [12]
(Kij)± = (Bi ± |Ci|) (Bj ± |Cj |)−
(|Dij | ∓ ∣∣Dij∣∣)2 < 0.
(5)
Specifically, the negative value of even one of these two
criteria is the signature of intermodal entanglement in
mode i and j.
From the present solution, we have obtained parameter
(Kij)± for different combinations, and obtained
(KLV )+ = (KLV )− = − |h3|2 IA < 0 (6)
and
(KSV )+ = (KSV )− = − |h2|2 IL < 0, (7)
while the rest of the combinations yield value zero. Here,
we have written Ii = |ξi|2 as the intensity of ith mode.
One can notice that the values in the right-hand side for
(KLV )± and (KSV )± are always negative. Thus, show-
ing that the phonon mode is always entangled with both
pump and Stokes mode. While in the domain of the va-
lidity of the present solution, we could not establish the
presence of entanglement in the rest of the combinations.
Though the present results do not discard any such pos-
sibility of observing entanglement due to use of a pertur-
bative solution here. Also note that the Stokes-phonon
entanglement can be observed in spontaneous process as
well, while pump-phonon entanglement can only be ob-
served under partial spontaneous (i.e., when IA 6= 0 ini-
tially) or stimulated conditions.
We have already mentioned that different terms in the
characteristic function can give corresponding short-time
solution terms in the limiting case. Similarly, the non-
classicality witnesses studied in Ref. [34] can also be
obtained as a special case of the expressions obtained
here. As a particular example, (KLV )± = − |h3|2 IA ≈
− |χ|2 t2IA for smaller t [34]. All the results reported in
[34] can be obtained in the limiting case of the present
expressions, therefore we will not discuss this point fur-
ther.
B. Sub-shot noise
Another two-mode nonclassical feature is sub-shot
noise. The condition for sub-shot noise can be written
as [34]
Cij = B
2
i +B
2
j + |Ci|2 + |Cj |2 − 2 |Dij |2 − 2
∣∣Dij∣∣2 < 0.
(8)
Interestingly, in the present case, we have obtained using
Eq. (4) in Eq. (8) that Cij = 2 (Kij)± ∀i, j. Thus, we
have shown that sub-shot noise can be observed in all the
cases when intermodal entanglement is present. Thus,
pump-phonon and Stokes-phonon modes have sub-shot
noise.
C. Single-mode and intermodal squeezing
Inspired by the applications of single- and two-mode
squeezing [18, 52, 53], we will further study squeezing in
these cases. The criteria of single-mode and intermodal
squeezing are [16]
4λi = 1+ 2 (Bi − |Ci|) < 1 (9)
and
λij = 1+ Bi +Bj − 2Re
∣∣Dij∣∣− |Ci + Cj + 2Dij | < 1,
(10)
respectively. Using Eq. (4) in Eq. (9), we obtained the
following expressions for squeezing witnesses correspond-
ing to the pump and phonon modes
λL = 1 + 2 |f3|2 IA − 2 |f2f3 + f1f4| |ξS | |ξA| ,
λV = 1 + 2 |h2|2 IL + 2 |h3|2 IA − 2 |h2h3 + h1h4| |ξS | |ξA| ,
(11)
while the rest of λi ≥ 1. Therefore, one can clearly con-
clude that Stokes and anti-Stokes modes do not show any
signature of squeezing. From the obtained expressions for
squeezing (11), we obtained that λL < 1 which is con-
sistent with the nature reported in corresponding short-
time case [34]. However, for the Stokes modes, short-
time solution failed to detect squeezing whereas analysis
of the obtained result (11) revealed that λV < 1 for spe-
cific values of frequency detuning. From Fig. 1 (a), one
can clearly see that with a proper choice of frequency
detuning in Stokes generation process, squeezing can be
observed in the phonon mode as well. This shows the
advantage of using a more general solution than short-
time solution as it has successfully detected squeezing
which was not observed previously [34]. This also estab-
lishes the frequency detuning parameter as a control to
enhance/induce nonclassicality in the output of scatter-
ing process. The observed nonclassicality disappears in
both spontaneous and partial spontaneous cases.
Similarly, using Eq. (4) in Eq. (10), the expres-
sions for intermodal squeezing in all the cases can be
obtained. Here, we are not giving the expressions and
would like to emphasize the relevance of frequency de-
tuning and more general nature of solution. Specif-
ically, intermodal squeezing in pump-phonon, pump-
anti-Stokes, and Stokes-phonon modes were established
through short-time solution in the past [34]. Here, we
have not only observed these nonclassical features, we
have also established the presence of intermodal squeez-
ing in pump-Stokes, Stokes-anti-Stokes, and phonon-
anti-Stokes modes, which can be observed to depend
upon the frequency detuning in Stokes generation (cf.
Fig. 1 (b)-(d)). In case of squeezing observed in the
pump-Stokes mode (in Fig. 1 (b)), it can also be at-
tributed to the more general nature of solution, which
contains the negative terms dominating for longer time
evolution.
D. Wave variances
Using the Gaussian behavior of the obtained normal
characteristic function (3), we can also compute the fluc-
tuation quantities in terms of variances
〈
(∆Wi)
2
〉
and
FIG. 1: (Color online) (a) The negative values of λV − 1
are shown as function of frequency detuning. Similarly, the
time evolution of the negative values of λLS − 1, λSA − 1,
and λV A − 1 are shown in (b), (c), and (d), respectively. To
obtain the plots, we have assumed IL = 10, IA = 1, IS =
9, IV = 0.01, and χ = g. Wherever needed, we have chosen
rescaled time gt = 0.1 and frequency detuning ∆ω2 = 10g.
All the quantities shown here and in the rest of the paper are
dimensionless.
5〈∆Wi∆Wj〉 as [16]〈
(∆Wi)
2
〉
=
〈
B2i + |Ci|2 + 2Bi |ξi (t)|2
+
{
Ciξ
∗2
i (t) + c.c.
}〉 (12)
and
〈∆Wi∆Wj〉 =
〈
|Dij |2 −
∣∣Dij∣∣2 + {Dijξ∗i (t) ξ∗j (t)
− Dijξi (t) ξ∗j (t) + c.c.
}〉
.
(13)
The single-mode fluctuation quantities using Eq. (4) in
Eq. (12) lead to〈
(∆WL)
2
〉
= 2 |f3|2 IAIL +
{
(f2f3 + f1f4) ξSξAξ
∗2
L + c.c.
}〈
(∆WV )
2
〉
= 2
(
|h2|2 IL + |h3|2 IA
)
IV
+
{
(h2h3 + h1h4) ξ
∗
SξAξ
∗2
V + c.c.
}
(14)
for pump and phonon mode, respectively. The pump
mode shows antibunching (i.e., has negative values of
fluctuation) for both zero (shown in [16]) and non-zero
(present case) values of frequency detuning. However,
Stokes and anti-Stokes modes fail to show antibunching
in both cases. While the phonons can be shown to exhibit
antibunching for large values of detuning in the Stokes
generation. Nonclassicality in both these cases can be
observed to disappear in spontaneous case.
These variances further allow us to calculate nonclas-
sical sum- or difference-variances defined as [16]〈
(∆Wij)
2
〉
±
=
〈
(∆Wi)
2
〉
+
〈
(∆Wj)
2
〉
±2 〈∆Wi∆Wj〉 < 0.
(15)
In the present case, we have computed the sum and dif-
ference variances using Eq. (4) in Eqs. (12), (13), and
(15), and observed nonclassicalicality reflected through
this witness in all combinations. Note that the previous
studies were successful in detecting the nonclassicality
reflected through this criteria only in some cases [34].
Specificly, due to frequency detuning parameters being
non-zero in our present solution, wave variances also be-
come functions of frequency of the corresponding modes
as well. Particularly, the value of the frequency of the
phonon mode is expected to be much smaller compared
to that of the photon modes, and thus leads to fast oscil-
lations in the short-time scale while revealing correspond-
ing nonclassical behavior. Therefore, the present study
revealed that frequency detuning can play an important
role as it leads to the presence of abundant nonclassical
features.
Nonclassical properties in the Raman and hyper-
Raman processes studied using a different set of criteria
could not demonstrate most of the results reported here
as the effect of frequency detuning was not included there
[15]. In what follows, we will consider an interesting case,
i.e., when the phonon mode is initially chaotic.
IV. NONCLASSICALITY CONSIDERING
PHONON MODE CHAOTIC
We can further obtain the characteristic function con-
sidering the phonon mode chaotic (with average phonon
number 〈nV 〉), while the rest of the modes are initially
in coherent state, to observe the nonclassicality in the
states generated in the off-resonant Raman process. The
form of the characteristic function remains unchanged,
i.e., can be defined by Eq. (3), while different terms in
(3) are now defined as
BL (t) = |f2|2 |ξS |2 〈nV 〉+ |f3|2 |ξA|2 (〈nV 〉+ 1) ,
BS (t) = |g2|2 |ξL|2 (〈nV 〉+ 1) ,
BV (t) = 〈nV 〉+ |h2|2
(
|ξL|2 + 〈nV 〉
{
|ξL|2 − |ξS |2
})
+ |h3|2
(
|ξA|2 + 〈nV 〉
{
|ξA|2 − |ξL|2
})
,
BA (t) = |l2|2 |ξL|2 〈nV 〉 ,
CL (t) = (f2f3 {2 〈nV 〉+ 1}+ f1f4) ξSξA,
CV (t) = (h2h3 + h1h4 {2 〈nV 〉+ 1}) ξ∗SξA,
DLS (t) = (f1g6 + f2g2 {〈nV 〉+ 1}) ξLξS ,
DLV (t) = f1h3 (〈nV 〉+ 1) ξA,
DLA (t) = (f1l6 + f3l2 〈nV 〉) ξLξA,
DSV (t) = g1h2 (〈nV 〉+ 1) ξL,
DSA (t) = (g1l3 + g2h2 〈nV 〉) ξ2L,
DLS (t) = f
∗
3 g2 (〈nV 〉+ 1) ξLξ∗A,
DLV (t) = f
∗
2h1 〈nV 〉 ξ∗S ,
DLA (t) = f
∗
2 l2 〈nV 〉 ξLξ∗S ,
DV A (t) = h1l
∗
2 〈nV 〉 ξL.
(16)
The rest of the terms in Eq. (3) are zero for the present
case. The functional forms of the coefficients used here
are given in Eqs. (A.1)-(A.4) in Appendix A. We further
use the obtained characteristic function defined by terms
(16) considering phonon mode chaotic to observe the non-
classicality in the states generated in the off-resonant
Raman process with specific interest in the frequency
detuning parameter. It is worth mentioning here that
the characteristic functions obtained considering phonon
mode coherent and chaotic match exactly if the phonon
mode is initially in vacuum state, i.e., ξV = 〈nV 〉 = 0.
This fact serves as a consistency check for the obtained
solutions and will be used in the last section to study
joint-photon number and integrated intensity distribu-
tions in this case. The obtained characteristic function
(16) can further be reduced to corresponding short-time
case [34], where BV (t) ≈ 〈nV 〉.
A. Intermodal entanglement
Using the condition for entanglement (5) and the terms
of the characteristic function defined in Eq. (16), we
have obtained the parameter (Kij)± for different combi-
nations, and obtained
6(KLV )± = − |h3|2 IA (〈nv〉+ 1)∓ (|f2| |f3| − |f1| |f4|)
× 〈nv〉 |ξS | |ξA|
(17)
and
(KSV )± = − |h2|2 IL (〈nv〉+ 1) < 0, (18)
while the rest of the combinations yield value zero. One
can clearly observe that (KSV )± are always negative,
thus showing that Stokes-photon mode is always entan-
gled. It is noteworthy that we have observed the same be-
havior considering phonon mode coherent earlier (in Eq.
(7)), here the value of the entanglement witness is fur-
ther enhanced due to factor (〈nv〉+ 1), which is expected
to help in the experimental verification of the present re-
sult. Unlike this, (KLV )− fail to show entanglement, but
(KLV )+ is always negative and thus establishes the insep-
arability of pump and phonon modes. Hence, the present
study revealed that the phonon mode is always entangled
with both pump and Stokes modes. Further, in case of
spontaneous process, only Stokes-phonon entanglement
could be observed, and the results are non-conclusive
in the rest of the cases. The present result establishes
that entanglement (in Stokes-phonon and pump-phonon
modes) is neither restricted to short-time regime nor fre-
quency matching conditions and thus eliminates these
restrictions.
B. Sub-shot noise
Using the condition for sub-shot noise (8) with Eq.
(16) we have obtained Cij ∀i, j, as
CLV = 〈nv〉2 − 2
{
|h3|2 IA (〈nv〉+ 1)2 + |f2|2 〈nv〉2 IS
}
,
CSV = 〈nv〉2 − 2 |h2|2 IL (〈nv〉+ 1)2 ,
CV A = 〈nv〉2 − 2 |l2|2 〈nv〉2 IL,
(19)
while the rest of the terms are zero. This shows the pres-
ence of sub-shot noise nonclassical feature even in the ab-
sence of intermodal entanglement (in anti-Stokes-phonon
mode) and thus it establishes the relevance of study-
ing entanglement and sub-shot noise separately. Thus,
pump-phonon, Stokes-phonon, and anti-Stokes-phonon
modes exhibit sub-shot noise. Notice that the presence
of nonclassicality can be established in all these combina-
tions for the partial spontaneous process (i.e., considering
nonzero IA), while except pump-phonon mode the rest of
the modes show this feature even in spontaneous case.
C. Single-mode and intermodal squeezing
We will further study single-mode and intermodal
squeezing with chaotic phonons. We restrict our discus-
sion here on the nonclassicality observed in the modes
FIG. 2: (Color online) The negative (positive) values of λL−1
are shown as function of frequency detuning ∆ω1 and average
phonon number by dark blue (light red) colored regions in
the surface plots. To obtain the plot, we have assumed IL =
10, IA = 1, IS = 9, and χ = g with the rescaled time gt = 0.1
and frequency detuning ∆ω2 = 10g.
except phonon mode. Using Eq. (16) in Eq. (9), we
obtained
λL = 1 + 2
{
|f3|2 IA (〈nv〉+ 1) + |f2|2 〈nv〉 IS
}
− 2 |f2f3 (2 〈nv〉+ 1) + f1f4| |ξS | |ξA| ,
(20)
while the squeezing parameter is always greater than 1 for
Stokes and anti-Stokes modes and thus do not show any
signature of squeezing in these cases even with chaotic
phonon. From the obtained expression (20) for the pump
mode, we have observed that nonclassicality can be ob-
tained (cf. Fig. 2). Clearly, the presence of nonclassical-
ity prefers lower values of average phonon number and
higher values of frequency detuning.
Similarly, using Eq. (16) in Eq. (10), the expressions
for intermodal squeezing are obtained for all the cases ex-
cept involving phonon mode and observed that nonclas-
sicality can be observed. Here, we refrain from further
discussion of these cases.
D. Wave variances
The fluctuation quantities using Eqs. (16) in Eq. (12)
for chaotic phonon lead to〈
(∆WL)
2
〉
= 2
{
|f3|2 IA (〈nv〉+ 1) + |f2|2 〈nv〉 IS
}
IL
+
{
(f2f3 (2 〈nv〉+ 1) + f1f4) ξSξAξ∗2L + c.c.
}
,
(21)
in case of pump mode, while the rest of the modes did
not show nonclassicality. Specifically, in the pump mode
lower values of average phonon number and higher values
of frequency detuning are preferable. The correlation
fluctuation can also be computed in this case using Eq.
(12). We have further calculated the sum and difference
variances using Eq. (15) and observed that for higher
values of frequency detuning this nonclassical feature can
be observed for even large average phonon numbers.
7V. JOINT PHOTON-PHONON NUMBER AND
WAVE DISTRIBUTIONS
Nonclassicality in several processes has been studied
using joint photon number and integrated intensity dis-
tributions ([12, 34] and references therein). Here, we
have performed a similar study for the off-resonant Ra-
man process assuming phonon vacuum (justified at room
temperature), i.e., 〈nv〉 = 0.
Interestingly, under this condition, for the spontaneous
process, BL = BV = −KLV while the rest of the parame-
ters in characteristic function (16) for pump and phonon
modes are zero. Using this fact, we can write the joint
photon-phonon number distribution [12] as
p (nS , nV ) =
(BS)
nS
(1 +BS)
1+nS
δnS ,nV , (22)
which clearly indicates pair generation. Corresponding s
ordered integrated intensity quasidistribution [12] is ob-
tained as
Ps (WS ,WV ) =
1
piBSs
exp
(
−WS +WV
2BSs
) sin(WS−WV√−KSV s)
WS −WV .
(23)
Here, BSs = BS +
1−s
2 and KSV s = KSV + (1− s)Bs +
(1−s)2
4 with s as an ordering parameter. A threshold
value of the s parameter can be calculated as sth below
(above) which the obtained quasidistribution behaves like
a classical probability distribution (it can have negative
values and thus shows signature of quantumness). The
threshold value is calculated in this case as sth = 1 +
2BS − 2
√
BS , shown by the blue surface plot in Fig. 3,
where we can clearly see the value of this parameter to
increase (and thus parametric region of nonclassicality to
decrease) with increasing frequency detuning. Therefore,
the s ordered integrated intensity distribution shows the
nonclassical behavior for larger range of s if the frequency
matching condition is satisfied.
In case of the pump-phonon mode, considering the par-
tial spontaneous process, i.e., IA > 0 while IS = 0, we
have BL = BV − BS = −KLV while the rest of the
parameters for both pump and phonon modes are zero.
With the help of these values, we can write the joint
pump-phonon number distribution as
p (nL, nV ) =
nV !
nL! (nV !− nL!)
(BL)
nL (BV −BL)nV −nL
(1 +BV )
1+nV
,
(24)
if nV ≥ nL, and the distribution is zero for nV < nL. We
further calculate the threshold value of s parameter in the
present case and obtain sth = 1 + 2BL +BS − 2
√
BL. As
shown in Fig. 3, the value of this parameter does not vary
as rapidly as in the previous case of Stokes-phonon mode.
However, we can observe the effect of frequency detuning
which, in sharp contrast to the previous case, shows an
FIG. 3: (Color online) Variations of threshold parameter for
quantum features using integrated intensity distribution for
Stokes-phonon and pump-phonon modes are represented by
the blue (at bottom) and red (on top) surface plots, respec-
tively. To obtain this plot, we have assumed IL = 10, IA = 1
with χ = g at a dimensionless time gt = 0.1.
increase in the nonclassical regime with increasing fre-
quency detuning. In fact, for large frequency detuning in
Stokes generation pump-phonon mode has a lower value
of the threshold parameter than corresponding param-
eter for Stokes-phonon mode. This shows that the fre-
quency detuning in Stokes generation favors nonclassi-
cality observed in pump-phonon mode, but suppresses
it in Stokes-phonon mode. Due to very small variation
in sth for pump-phonon mode, we have chosen s = 1
here and obtained Glauber-Sudarshan integrated inten-
sity quasidistribution for pump-phonon mode as
PN (WL,WV ) =
1
pi
√
BLBV
exp
(
− WL2BL − WV2BV
)
×
sin
√BVBL WL−√ BLBV WV√
BL

√
BV
BL
WL−
√
BL
BV
WV
.
(25)
We will further discuss the joint photon-phonon num-
ber distribution and show its dependence on the vari-
ous parameters. Note that the distributions of Stokes-
phonon mode depend only on the detuning parameter in
Stokes generation, while pump-phonon distributions are
functions of both detuning parameters. Specifically, as
already mentioned for the resonance conditions, our re-
sults match with those for short-time case [34]. Here,
we observe that in case of Stokes-phonon mode, joint
photon-phonon number distribution decreases with fre-
quency detuning in Stokes generation and for the higher
values of the number of photons/phonons (cf. Fig. 4
(a)). This is consistent with the previous results where
the same behavior with photon/phonon number was ob-
served in frequency matched condition [34]. For such
small photon/phonon numbers, we have observed from
the time evolution of the joint photon-phonon number
distribution that the distribution has a maximum value
at zero detuning (see Fig. 4 (b)). Similarly, we have
shown in Fig. 4 (c) that the joint photon-phonon num-
ber distribution for pump-phonon mode is affected dom-
inantly due to frequency mismatch in anti-Stokes gener-
8(c)
FIG. 4: (Color online) (a) Variation of the joint photon-
phonon number distribution for Stokes-phonon mode is shown
with photon/phonon numbers in Stokes and phonon (as nS =
nV ) modes and frequency detuning parameter ∆ω1 at rescaled
time gt = 0.1. (b) Variation of the joint photon-phonon
number distribution for Stokes-phonon mode is shown with
the frequency detuning parameter ∆ω1 and rescaled time for
nS = nV = 0.1. (c) The dependence of the joint photon-
phonon number distribution of the pump-phonon mode on
two frequency detuning parameters considering nV = 0.12,
nL = 0.06, and gt = 0.1. (d) Joint photon-phonon number
distribution of the pump-phonon mode is shown as a function
of the pump photon number and detuning ∆ω1 = ±∆ω2 =
∆ω considering nV = 2, and gt = 0.1. Here, we have also
assumed IL = 10, IA = 1, and χ = g.
FIG. 5: (Color online) Time evolution of the nonclassical fea-
tures is illustrated through the negative parts of the s ordered
integrated intensity distribution with s = 0.8 and s = 1 for (a)
Stokes-phonon and (b) pump-phonon modes, respectively. To
obtain this plot, we have assumed IL = 10, IA = 1 with χ = g,
and frequency detuning ∆ω1 = ±∆ω2 = g with WS = 1 and
WV = 0.5.
ation than that in Stokes process. For ∆ω1, the maxi-
mum value of distribution is obtained for non-zero detun-
ing, while distribution is maximum for ∆ω2 = 0. The
effect of frequency detuning in Stokes/anti-Stokes gen-
eration is further discussed with the dependence of the
joint distribution on the number of pump photons in Fig.
4 (d). A particularly interesting choice of parameters
∆ω1 = ∆ω2 corresponds to conservation of radiation en-
ergy as 2ωL = ωS + ωA, and ∆ω1 = −∆ω2 leads to
vibration excitation 2ωV = ωA−ωV . In the present case,
we observed that the results are same in these two special
conditions.
Further, nonclassicality reflected through the negative
values of the integrated intensity distributions is observed
in both Stokes-phonon and pump-phonon modes. Specif-
ically, time evolution of integrated intensity distribution
in both these cases shows that nonclassicality increases
with interaction time (cf. Fig. 5). Stokes-phonon inten-
sity distribution becomes negative for smaller values of
phonon intensity (cf. Fig. 5 (a)), while pump-phonon in-
tensity distribution shows nonclassicality only in specific
case (cf. Fig. 5 (b)). This nonclassical feature is further
discussed to analyze the effect of frequency detuning on
the observed behavior in Figs. 6 and 7. Specifically, we
have observed that it takes some time for the Stokes-
phonon intensity distribution to show nonclassical fea-
9FIG. 6: (Color online) Nonclassical features are illustrated
through the negative parts of the s ordered Stokes-phonon
integrated intensity distribution with s = 0.8. Integrated in-
tensity distribution is shown to vary with frequency detuning
∆ω1 and different parameters, as (a) rescaled time, (b) WS ,
and (c) WV , considering gt = 0.09, WS = 1 and WV = 0.1
(in (a)) and 0.01 (in (b)). We have also assumed IL = 10 and
χ = g.
ture, which shows the similar variation for a wide range
of frequency detuning (cf. Fig. 6 (a)). In general, the
smaller values of both intensity of phonon mode and fre-
quency detuning are preferred to observe nonclassicality
(cf. Fig. 6 (c)). However, larger values of ∆ω1 show
nonclassicality with lower values of Stokes intensity (cf.
Fig. 6 (b)).
A similar study for pump-phonon intensity distribu-
tion reveals that small (large) values of frequency detun-
ing in Stokes (anti-Stokes) process are preferred for the
generation of this nonclassicality in pump-phonon inten-
sity distribution (shown in Fig. 7 (a)). Independently,
time evolution of the negative region of the integrated
intensity distribution for pump-phonon mode illustrates
FIG. 7: (Color online) Nonclassical features are illustrated
through the negative parts of the Glauber-Sudarshan inte-
grated intensity distribution for pump-phonon mode as a
function of intensity and frequency detuning. (a) The de-
pendence of the integrated intensity distribution for pump-
phonon mode on both the detuning parameters is shown. (b)
Time evolution of the nonclassicality present in this case as
a function of frequency detuning parameter ∆ω = ∆ω1 =
±∆ω2 considering WL = 0.1 and WV = 0.05. The neg-
ative values of the distribution as a function of frequency
detuning parameter ∆ω = ∆ω1 = ±∆ω2 and (c) WL with
WV = 0.05, and (d) WV with WL = 1. We have also assumed
IL = 10, IA = 1 with χ = g.
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for photon and phonon frequency matching conditions
(i.e., ∆ω = ∆ω1 = ±∆ω2) that at larger values of the
rescaled time, nonclassicality is generated for intermedi-
ate values of frequency detuning in Fig. 7 (b). Further
analysis of the dependence of integrated intensity dis-
tribution on the intensity of pump and phonon modes
(in Fig. 7 (c) and (d)) shows that for lower intensity of
pump (phonon) mode nonclassical features are dominant
for smaller (larger) values of ∆ω. The nonclassicality is
observed for very small values of intensity of phonon than
that of the pump mode.
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FIG. 8: (Color online) Conditional Fano factor FV,c reflect-
ing nonclassical behavior for values less than 1 is shown as
a function of nL and ∆ω = ∆ω1 = ±∆ω2. The parameter
shows nonclassical feature except for the shaded region. We
have chosen gt = 0.1, IL = 10, IA = 1, and χ = g.
VI. NONCLASSICALITY USING JOINT
NUMBER DISTRIBUTION: DIFFERENCE AND
CONDITIONAL NUMBER DISTRIBUTIONS
The joint photon number distribution obtained in the
previous section also allows us to study nonclassical fea-
tures. For instance, the conditional Fano factor defined
as
Fi,c =
〈
(∆ni)
2
〉
c
〈ni〉 , (26)
which shows nonclassicality for Fi,c < 1. As Stokes and
phonon modes are already shown to be generated in pair,
we discuss here pump-phonon mode only. In this case,
conditional Fano factors for the pump and phonon modes
are
FL,c = 1− BL
BV
(27)
and
FV,c =
(nL + 1)
(
1+BV
1+BL
)2
− 1
(nL + 1)
(
1+BV
1+BL
)
− 1
− 1, (28)
(a)
FIG. 9: (Color online) Conditional photon number distribu-
tion (a) pc (nL;nV ) and (b) pc (nV ;nL) are shown here as
functions of frequency detuning. For pc (nL;nV ) the effect of
both ∆ωis is discussed, while the time evolution of pc (nV ;nL)
as a function of ∆ω = ∆ω1 = ±∆ω2 is shown. We have cho-
sen gt = 0.1, nV = 2, nL = 1, and IL = 10, IA = 1 with
χ = g.
respectively. We can clearly observe that pump mode
shows signatures of this nonclassical feature for any value
of frequency mismatches as the quantity (27) is always
less than unity (it always holds here that BL < BV ). In
case of the phonon mode, we have shown the conditional
Fano factor as a function of frequency detuning ∆ω in
Fig. 8 for equal or opposite photon and phonon detun-
ing and have shown that nonclassicality can be observed
in general, but for small values of frequency detuning
and photon numbers in the pump mode. Specifically, in
this case as well, we can observe that with the increase
in frequency detuning the nonclassicality present in the
phonon mode becomes prominent.
We have also obtained corresponding conditional num-
ber distributions as (using Eq. 25 of [12])
pc (nL;nV ) =
nV !
nL!(nV !−nL!)
(
1− BLBV
)nV (
BL
BV −BL
)nL
,
pc (nV ;nL) =
nV !
nL!(nV !−nL!)
(
1+BL
1+BV
)(
BV −BL
1+BV
)nV
×
(
1+BL
BV −BL
)nL
.
(29)
This provides declination from ideal diagonal distribu-
tion (that we obtained for Stokes-phonon joint number
distribution in Eq. (22)), which is shown as a function of
frequency detuning parameters in Fig. 9. We can observe
in Fig. 9 (a) that smaller values of ∆ω2 and larger values
of ∆ω1 give higher values of conditional photon number
in pump mode (similar to Fig. 4 (c)). Similarly, time
evolution of conditional phonon number distribution in
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Fig. 9 (b) shows that lower values of frequency detun-
ing ∆ω at photon and phonon matching provide higher
values to this parameter (as in Fig. 4 (d)).
(a)
(b)
FIG. 10: (Color online) Difference number distribution p− (n)
and Poissonian distribution pPoiss (n) are shown as functions
of frequency detuning ∆ωi as dark blue and light pink sur-
faces, respectively. We have chosen gt = 0.1, IL = 10, IA = 1,
and χ = g. In (a), we have considered n = 1.6, while in (b),
∆ω1 = ±∆ω2 = ∆ω.
To characterize the nonclassical features and the qual-
ity of photon-phonon pair generation in pump-phonon
case, we have computed the difference number distribu-
tion (using Eq. 26 of [12]) as
p− (n) =
(BV −BL)n
(1 +BV −BL)n+1
, (30)
while Poissonian distribution for the same two combined
modes will be
pPoiss (n) =
(BV +BL)
n
n!
exp (−BV −BL) . (31)
A combined plot of these two quantities ((30) and (31))
shows that with a proper choice of frequency detuning
both sub-Poissonian and super-Poissonian characters can
be observed in Fig. 10 (a) in the difference number distri-
bution for the same set of the rest of the parameters. It
is worth mentioning here that the choice of the parame-
ters is such that the short-time solution [34] shows super-
Poissonian difference number distribution. We have also
discussed the case when detuning in Stokes generation is
same as that of anti-Stokes generation, i.e., in photon and
phonon matching conditions, and observed that the dif-
ference number distribution remains sub-Possonian for
smaller values of the number of photons (cf. Fig. 10
(b)).
VII. CONCLUSIONS
The characteristic function for the off-resonant Raman
process is obtained and shown to be Gaussian for all val-
ues of frequency detuning. The obtained characteristic
function is shown to be more general than correspond-
ing characteristic function obtained from the short-time
solution, which can be obtained in the limiting case by
considering either resonance condition or short-time ap-
proximation. The present study supports the results re-
porting nonclassical behavior in the short-time approxi-
mation and establishes that the validity of the short-time
solution may be in the larger domain of time than usual
expectations.
In general, resonance conditions are associated with
the performance of a nonlinear process, and in the present
case Stokes and anti-Stokes generations are expected to
be high in that case. This fact is also reflected through
the joint Stokes-phonon number distribution discussed
here. In contrast, we have shown here that the single- and
two-mode nonclassicality in photon and phonon modes
can be induced in the off-resonant conditions. Specifi-
cally, the present results establish that phonon mode re-
mains entangled with both pump and Stokes modes for
arbitrary value of frequency detuning for both initial co-
herent and chaotic phonon conditions. Sub-shot noise is
observed in all the cases when entanglement is observed;
on top of that, anti-Stokes-phonon mode with chaotic
phonons also shows this nonclassicality. The presence of
single-mode and intermodal squeezing for non-zero de-
tuning certainly establishes the advantage of off-resonant
Raman process in the generation of nonclassical states.
Squeezing in the pump mode is favored by the higher
values of frequency detuning in the Stokes generation for
chaotic phonon. The pump mode is also obtained to
be antibunched for both coherent and chaotic photons.
On top of that, antibunching of phonon mode due to
non-zero detuning may have applications in cavity op-
tomechanics. The presence of two-mode correlations re-
vealed through sum- and difference-variances is also com-
plemented by the non-zero frequency detuning. We have
summarized the nonclassical features that can be induced
due to non-zero detuning in the off-resonant Raman pro-
cess with coherent phonons in Table I.
Subsequently, the joint photon number distribution
for the pump-phonon and Stokes-phonon modes are ob-
tained, which can be used to verify the quality of Stokes-
phonon and pump-phonon pair generations with the help
of conditional and difference photon/phonon number dis-
tributions. The joint pump-phonon number distribu-
tion is higher at the Stokes resonance condition which
is an outcome of higher rate of Stokes generation. In
contrast, joint pump-phonon number distribution prefers
non-zero frequency detuning in Stokes process and fre-
quency matching in anti-Stokes process, which can be
attributed to the fact that a higher number of anti-Stokes
photons annihilate to regenerate the pump-phonon pairs
at anti-Stokes resonance. The nonclassicality reflected
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Nonclassical feature Present in Raman process at reso-
nance
Observed additionally in off-
resonant Raman process
Squeezing and antibunch-
ing
pump phonon
Intermodal squeezing pump-phonon, pump-anti-Stokes,
Stokes-phonon
pump-Stokes, Stokes-anti-Stokes,
pump-anti-Stokes
Sum and difference variance pump-phonon, pump-anti-Stokes,
Stokes-phonon, pump-Stokes
Stokes-anti-Stokes, pump-anti-
Stokes
Entanglement and sub-shot
noise
pump-phonon, Stokes phonon –
TABLE I: Summary of the nonclassical features observed in the off-resonant Raman process in addition of the Raman process
at resonance considering all modes initially coherent.
through conditional Fano factor, sub-Poissonian behav-
ior of the difference number distribution is supported by
the nonclassicality illustrated with the help of integrated
intensity distributions. In both these cases, advantage
of off-resonant Raman process is clearly visible. Partic-
ularly, a variation of the threshold parameter establishes
that the quantum features shown by integrated inten-
sities can be enhanced by controlling the frequency de-
tuning. The effect of phase matching conditions in the
generation of nonclassicality in the off-resonant Raman
process may also lead to interesting results. Further, off-
resonant hyper-Raman process is also expected to give
non-Gaussian characteristic function and several inter-
esting nonclassical features.
We hope that analogous to the advantages in the field
of quantum information processing, which are exploiting
the facts originally thought to be the limitation of quan-
tum theory, the present results on the off-resonant Ra-
man process find applications through the generation of
nonclassical states in these conditions. With recent im-
provements in experimental facilities to control detuning
at the single photon level, we expect the present results
to be useful there.
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Appendix A: Terms in the solution
The solutions reported in Eqs. (4) and (16), which
are obtained with the help of Eq. (2), contain different
functions defined as follows
f1 = exp (−iωLt) ,
f2 = − g
∗f1
∆ω1
[exp (−i∆ω1t)− 1] ,
f3 =
χf1
∆ω2
[exp (i∆ω2t)− 1] ,
f4 =
−χg∗f1
∆ω2
[
exp[−i(∆ω1−∆ω2)t]−1
∆ω1−∆ω2 −
exp(−i∆ω1t)
∆ω1
]
− χg∗f1∆ω1
[
exp[−i(∆ω1−∆ω2)t]−1
∆ω1−∆ω2 +
exp(i∆ω2t)
∆ω2
]
,
f5 = f6
= |g|
2f1
∆ω21
[exp (−i∆ω1t)− 1] + i|g|
2tf1
∆ω1
,
f7 = −f8
= |χ|
2f1
∆ω22
[exp (i∆ω2t)− 1]− i|χ|
2tf1
∆ω2
,
(A.1)
g1 = exp (−iωSt) ,
g2 =
gg1
∆ω1
[exp (i∆ω1t)− 1] ,
g3 =
χ∗gg1
∆ω2
[
exp[i(∆ω1−∆ω2)t]−1
∆ω1−∆ω2 −
exp(i∆ω1t)−1
∆ω1
]
,
g4 =
χgg1
∆ω2
[
exp[i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(i∆ω1t)−1∆ω1
]
,
g5 = −g6 = |g|
2g1
∆ω21
[exp (i∆ω1t)− 1]− i|g|
2tg1
∆ω1
,
(A.2)
h1 = exp (−iωV t) ,
h2 =
gh1
∆ω1
[exp (i∆ω1t)− 1] ,
h3 =
χh1
∆ω2
[exp (i∆ω2t)− 1] ,
h4 =
χgh1
∆ω2
[
exp[i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(i∆ω1t)∆ω1
]
− χgh1∆ω1
[
exp[i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(i∆ω2t)∆ω2
]
,
h5 = −h6 = − |g|
2h1
∆ω21
[exp (i∆ω1t)− 1] + i|g|
2th1
∆ω1
,
h7 = −h8 = − |χ|
2h1
∆ω22
[exp (i∆ω2t)− 1] + i|χ|
2th1
∆ω2
,
(A.3)
l1 = exp (−iωAt) ,
l2 = −χ
∗l1
∆ω2
[exp (−i∆ω2t)− 1] ,
l3 =
χ∗gl1
∆ω1
[
exp[i(∆ω1−∆ω2)t]−1
∆ω1−∆ω2 +
exp(−i∆ω2t)−1
∆ω2
]
,
l4 =
χ∗g∗l1
∆ω1
[
exp[−i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(−i∆ω2t)−1∆ω2
]
,
l5 = l6 =
|χ|2l1
∆ω22
[exp (−i∆ω2t)− 1] + i|χ|
2tl1
∆ω2
,
(A.4)
where ∆ω1 = (ωS + ωV − ωL) and ∆ω2 = (ωL + ωV −
ωA) are detuning in Stokes and anti-Stokes generation
processes.
